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Aspects of Scalar Brane-World Cosmological
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We summarize an approach to deal with scalar brane-world cosmological perturbations
based on Mukohyama’s master equation. We also give its relation to one based on
perturbing the effective Einstein’s equations on the brane (involving\éagd fluid.
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1. INTRODUCTION

The phenomenology of brane-world models has been the subject of intensive
investigations in the last years. Its richness is in part due to the fact that these
models can lead to modifications of gravity at small, but almost macroscopic
(Antoniadiset al,, 1998; Arkani-Hameet al., 1998; 1999; Randall and Sundrum,
1999), or even very large (cosmological) distances (Dethl, 2000; Gregory
et al, 2000). Because of those modifications of gravity, the cosmology of brane
worlds can differ dramatically from standard cosmology (Binetetial., 2000;
Deffayet, 2001) and can potentially lead to various ways to test them [as well
as new ways to address old problems, such as the vDVZ discontinuity (Deffayet
et al, 2002b). This is particularly true with the advent of precision cosmological
measurement. Conversely, the brane-world models can also lead to new scenarios
for the primordial universe or its recent cosmological evolufidtleasurement of
the anisotropies of the Cosmic Microwave Background (CMB), and large-scale
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3Thisis seen in the Dvali-Gabadadze—Porrati (DGP) model (Bvali, 2000), which has the ability to
produce acceleration of the universe, as suggested by SNla datagRa&s$998), without the need
for a nonzero cosmological constant (Deffayet, 2001; Deffayet., 2002a) in a way currently in
agreement with supernovae and Cosmic Microwave Background (CMB) data (Deftaye2002c)
(see also Avelino and Martins, 2002; Deffagetal., 2001).
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galaxies or weak lensing surveys provide a unique way to test gravity at large
scales (see, e.g., Binetruy and Silk, 2001; Uzan and Bernardeau, 2001) but also
our comprehension of the physics of the primordial universe. As far as brane-world
models are concerned, this relies in particular on a better understanding of scalar
cosmological perturbations in these kinds of models. This subject has already been
investigated by many authors (Boetanal, 2001; Bridgmaret al,, 2001, 2002;
Deruelleet al, 2001; Deruelle and Dolezel, 2001; Deruelle and Katz, 2001; Dorca
and van de Bruck, 2001; Garriga and Sasaki, 2000; Gordon and Maartens, 2001;
Hawking et al., 2000; Kodamaet al., 2000; Koyama and Soda, 2000; Langlois,
2000, 2001; Langloistal., 2001; Leonget al, 2001; Maartens, 2000; Mukohyama,
2000a,b; 2001; Saget al, 2002; van de Bruclet al, 2000a,b; van de Bruck

and Dorca, 2000) with only limited results, as far as observable predictions are
concerned (see, e.g., Bridgmetral,, 2002; Wands, 2002). We summarize here an
approach that has the virtue of reducing the problem to solving a single hyperbolic
equation in the bulk space—time [the master equation first derived by Mukohyama
2000b)] obeying a particular boundary condition on the brane that can be derived
from the brane matter equation of state in the simplest cases (Deffayet, 2002;
Kodamaet al., 2000). We also discuss the relation between this approach and one
based on perturbing effective Einstein’s equations on the brane [first obtained by
Shiromizuet al. (2000)]. In the remaining of this introduction we introduce the
latter equations and some features of the background cosmological solutions. We
then turn to discuss cosmological perturbations.

1.1. Effective 4D Einstein’s Equations in Brane World

We will consider in this paper a brane of codimension 1, namely a three-brane
embeddedri a 5 D bulkspace-time. In such a case, it is particularly simple to
obtain effective 4D Einstein’s equations that can be then used to compare the homo-
geneous cosmology on the brane to a standard one, or to do the same comparison
for cosmological perturbations. Let us first recall how these effective Einstein’s
equations can be obtained (Binetretyal., 2000; Shiromiztet al,, 2000). We first
note that it is always possible to choose a, so-called Gaussian Normal (referred to
as GN in the rest of this work), coordinate system where the 5D line element can
be putin the form

ds’ = dy? + g dx* dx”, (1)

and the brane is the hypersurface defined/by 0. In this coordinate system the
5D Einstein’s equations are simply given by

5 TS 5
GRL = k&3(Y)Sudrdh — Ag i, )

whereG(AS)B is the 5D Einstein’s tensok, is the inverse third power of the 5D
reduced Planck mas4 ) is the bulk cosmological constant, a8, is the effective
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energy—momentum tensor for the brane. The latter is model-dependent, e.g., forthe
Randall-Sundrum model Il (RS model in the following) (Randall and Sundrum,
1999), which is given by

Sw =T = 2wl 3)

WhereT}E'\v") is thereal matter energy momentum tensor ang is the brane tension.
In the brane-induced gravity model of Dvali-Gabadadze—Porrati (DGP model in
the following) (Dvaliet al., 2000), where an Einstein—Hilbert term computed with

the induced metric on the brane is present in the brane aSipris given by

Su =T - -G, @
K@
wherex?, is the inverse second power of the 4D reduced Planck mass. Einstein’s
equations (2) lead to Israel’'s junctions conditions (Darmois, 1927; Israel, 1966;
Lanczos, 1924) that relate the jump of the extrinsic curvature tensor of the brane
K, to whatever distributional source appears on the right-hand side of (2) (here
accounting for the brane-localized fieldsal matter or induced metric-dependent
terms). Using a Gauss decomposition and the above Israel’s conditions, one can
then derive from Eq. (2) effective 4D Einstein’s equations on the brane, relating
the brane intrinsic curvature to its effective energy momentum content (Binetruy
etal, 2000). In particular one gets the following equation (Shironeizai., 2000):

1
Gfl) = —592431\(5) iy [ ] ~E ()

whereGg‘g is the 4D Einstein tensof] ,, a tensor quadratic in the brane effective
energy—-momentum tens8y,, and&,,, is defined as the limiting value on the brane
of the electric part of the bulk Weyl tensor. In the GN coordinate system (1) it is
simply given by

Ew =C> (6)

u5v1

where CZ.p is the bulk Weyl tensor. One sees ti&f, acts in the effective
Einstein’s equations (5) as an external source with an energy momentum ten-
sor T{) that one can define a8{) = —&,,/x{,. Following previous works
(Bridgmanet al, 2002; Langlois, 2001; Langloist al, 2001; Martens, 2000),

we will refer to this source as thé/eyl fluidon the brane. One can verify that
Tlﬁf) is traceless, as follows from the tracelessness of the Weyl tensor, so that
the Weyl fluid shares some similarities with a radiation fluid. From the so-called
Codacci equation, one gets in addition conservation laws for the brane effective
energy—momentum tensor. Namely, one has for the RS and DGP models

D"S,, =0, (7)
DT = 0. (8)
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One also deduces from Eq. (5) and Bianchi identities that (Shiroatialy 2000)
D&, = k(g D" HW, ©

which can be considered as a conservation equation for the Weyl fluid. In general
the energy momentum tensor of the latter is indeed not conserved with respect to the
induced metric, since the right-hand side of the above equation does not vanish; we
will however still refer to the equations deduced from (9) as conservation equations
for the Weyl fluid.

1.2. Background Cosmological Metric

Equations (5) can be used to derive the background (homogeneous) cosmol-
ogy of the brane-world models under interest. It is indeed possible to abtaat
solutions for the metric in the bulk and on the brane describing an homogeneous
cosmology (Binetrugt al., 2000; Deffayet, 2001; Kraus, 1999). We will not need
here the explicit form of those solutions, but only mention that the line elements
of (background) space—times we will consider can be put in the form (in a GN
coordinate system (1))

ds%) = —n(t, y) dt? + a2(t, y)&; dx dx) +dy?, (10)

where the 3D metrié;; is a flat Euclidean metric (we will only consider here the
case of a spatially flat universe). One can further choose a time parametrization
such that the function is set to 1 on the brane, in which case the induced metric
is simply given by

dsfy = —dt® +af,8; dx' dx!

(whereap) = a(t, y = 0))* and is of FLRW form. Considering comoving ob-
servers to sit at fixed comoving coordinatéson the branet is then simply the
cosmological time on the brane. Accordingly with the symmetries of (10) the
effective energy momentum tensor of the brane is taken of the form

S =é(y)diag(—p, P, P, P).

We point out that in the above expressipnand P are not to be understood
asreal matterenergy density and pressure, which will be denoteggs and

Py respectively, but as theaffective mattecounterparts. Their relation to real
matter energy density and pressure are model-dependent, and can be obtained,
for example from Egs. (3) and (4). We will furthermore assume in the following
that the background bulk is a slice of a maximally symmetric space—time (with
vanishing Weyl tensor).

4Here and in the rest of the paper, the index (b) means that the value of the indexed quantity is taken
on the brane.
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2. SCALAR PERTURBATIONS AND THE MASTER EQUATION

Equations (5) can also be used to study the problem of Scad@mological
perturbations in these models, simply by linearizing them around some known
background. This task, followed by some authors, is however much more difficult
than in the homogeneous case, namely because those equations do not close on
the brane. This is because of the lack of a local evolution equation for all the
Weyl degrees of freedoflt is however possible to close a subsystem for large-
scale cosmological perturbations (Maartens, 2000), but this does not enable to
compute the Sachs—-Wolfe effect (Langletsal,, 2001). To obtain the evolution
equations for cosmological perturbations on the brane, one should then solve the
equations of motions for perturbations in the bulk. However, one should keep in
mind the linearized equations (5), since they provide an easy and clear way to
compare brane-world cosmological perturbations to standard ones. In the perspec-
tive of solving bulk equations of motions for perturbations, one may wish to use
the work of Mukohyama who showed that the bulk scalar Einstein’s equations
are solved by a single master variable obeying a master equation (Mukohyama,
2000b), (this is reminded in subsection 2.1). The master variable can be related
to brane matter by junction conditions (subsections 2.2 and 2.3) on the brane
(Kodamaet al.,, 2000; Mukohyama, 2000a). We also discuss here some aspects of
the relationship between Mukohyama’s master equation and the perturbed effec-
tive Einstein’s equations (5) on the brane, and in addition, how to obtain a boundary
condition for the master variable on the brane (subsection 2.3).

2.1. Bulk Perturbations

As shown by Mukohyama (2000b) (see also Kodarhal., 2000), the lin-
earized scalar Einstein’s equations in a maximally symmetric bulk can be conve-
niently solved introducing a master varialfleobeying in the bulk (whei®2 has
a nontrivial dependence in the comoving coordinat¢she master equation that
reads in a GN coordinate system (10)

Q\ (A AN [(nQY
— SO 2= (=) =0 11
(re) ~(-2)% (%) @
In this equationA is defined byA = §'9;3;, a prime means a derivative with

respect to/, and a dot means a derivative with respedt to the rest of this paper,
we willimplicitly consider all the perturbations as Fourier transformed with respect

5The term scalar refers here to the scalar-vector—tensor decomposition, familiar to the standard (4D)
theory of cosmological perturbations, with respect to the isometries of the 3D spatial sections parallel
to the brane-world volume. The case of scalar perturbations (w.r.t. vector or tensor) is the most difficult
case, but also the most interesting as far as phenomenology is concerned.

6 Namely, for the Weyl fluid anisotropic stress.
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tothex', in order to do a mode by mode analysis. In particular (11) can be rewritten
asD Q2 = 0, whereD, is a second-order hyperbolic differential operator acting
on y- andt-dependent functions (in the GN system), akds understood to be
replaced bx—Rz, wherek is the comoving momentum. Equation (11) is then only
valid whenk? does not vanish (Mukohyama, 2000b), which is the only case of
interest as far as cosmological perturbations are concerned.

The remarkable fact about Eq. (11) is that its solution enables to sflive
the linearized scalar Einstein’s equation in the bulk, which corfaim gauge
invariant scalar perturbations, Ay, A,y, andR. One can indeed take the most
general scalar linearized perturbation around the background metric (10) of the
form?

—n?(1+2A) a2B; nA
Oas = a?B;  a[(1+ 2R)5., +2E;;] a%By |, (12)
nAy a. By“ 1 + 2Ayy

whergi denotes a differentiation with respect to the comoving coordixia@ut of

those seven scalar perturbations, three (5D) scalar gauge transformations leave four
gauge invariant perturbations (invariant with respect to 5D gauge transformations).
The latter can be defined by (Bridgmanal., 2002)

~ o~ 1/a%\ n ,_
A= A——(—G) + —a%y,

o Ry € G o
n n n

— , a_
R =R +adoy — 2
wheres = —B + E ando, = —B, + E’. Those gauge invariant metric perturba-
tions are then related @ by (Bridgmanet al,, 2002; Mukohyama, 2000)
F__ 1L 1o, Ao n’
A=—— 20"+ =Q Q——SZ Q/ , 13
6a < + n2 t6 6 n3 (13)
~ 1 . n .
Ay=—|Q-—Q), 14
Y7 an ( n ) (14)
~ 1 2 . As)
Ay = — (@ —Q——(Q 2 Ho R 2 o 15
' 6a ( * 6 ) (19)

7We have put a bar on each linear scalar perturbation, in order to distinguish quantities in arbitrary
gauge (barred expression), from those in the GNL (Gaussian Normal Longitudinal) gauge (the same
expression with no bar), which we will use in most of this paper (see section 2.2.1).
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5 1 17 1. A(S) n. n /
R=—I[Q"—-=Q+—7—Q+—=-Q+2—-Q"). 16
6a ( et 6 TRt (16)

In these equations, one clearly sees that one can corgiderapotentialfor the
gauge invariant perturbations. On the other hand, one can expr@sa function
of the gauge invariant variables (Deffayet, 2002) by

2aa
3a3

A%Q = Ap@’a(—2ap A, +a Ay — al)
+aad (48(A+ Ayy) + 685 (A+ 2A,y) — 3apa’Ay)
+6aad) (245 Ay + aA + 2a'A)
+ 3aap)a (240 (A — Ayy) + 2aA, + a'A), (17)

which shows in particular explicitly tha® is 5D-gauge invariant.

2.2. Perturbations on the Brane
2.2.1. Induced Metric and Matter Perturbations

To deal with perturbations on the brane a convenient gauge choice can be
made, namely one can simultaneously choose (Langlois, 2001)

Ay =0, (18)
B, =0, (19)
Ayy =0, (20)
§=0, (21)
o) =0, (22)

where¢ refers to the perturbegl coordinate of the brane and the last equality
defines the 4D longitudinal gauge on the brane. In the rest of this paper, we will
always work in the above-defined gauge when dealing with quantities of which
we take limiting values on the brane. We will call this gauge the Gaussian Normal
Longitudinal gauge (GNL) and we have dropped bars to differentiate quantities
in the GNL gauge from quantities in arbitrary gauge (Agis. A). In the GNL
gauge, the linearized 5D metric (12) is of GN form (1), while the brane sits in
y = 0 and the induced metric on the brane is in the (4D) longitudinal form

ds? = —(1+420) dt? + a2(t)(1 — 2Wp)) i dx dx/, (23)
with &,y and ¥y, given by
Q) = Ay, (24)
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\I’(b) = —'R,(b) . (25)

Following the standard decomposition, one can define the scalar perturbations of
the brane effective energy—momentum tensor by

5L = —dp, (26)
850 = SC]“, (27)
§S = 8PS| + <Aij - %5} A) s, (28)

whereA!, is defined by
Ai]- = 8”‘8ka,-,

so that one haa = A: Similar decomposition hold for the perturbations of the
real matter and Weyl fluid energy momentum tensors, respectigfyandT ).

2.2.2. Junction Conditions

The perturbations of effective matter on the brane are related to those of the
metric through the linearization of Israel’s junctions conditions. Those lead to the
following expressions (Bridgmaet al., 2002)

/ kG
/ 1 2
® = éK(s)(A‘S” —8p), (30)
Ny
Bl = ¥{& = 90, (31)
20
’ 1 2

Similarly, one can get from Eq. (6) expressions relating the segatetivatives on
the brane of metric perturbations to Weyl fluids (and effective matter) perturbations.
They read in the GNL gauge (Bridgmanal., 2002)

2 " n/ !
K(24) (8 Pe) + 55/)(5)) = — {A +2—A } , (33)
(b)

1 a(Zb a n’
2 ) " /
K(4)8Q(5) = ~ 572 B + 3— _ — B y (34)
o) (b)
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a/
KGydT(e) = { E" 42— E/} : (35)
(b)

a a
KGaydo(e) = {3 (R” +2— R’) + AE" + 2—AE’} . (36)

2.2.3. Perturbed Effective Einstein’s Equations and the Master Equation

As we mentioned previously, it is desirable to compare the perturbed 4D
effective Einstein’s equations (5), reading, with obvious notations

86 = —ser + o [, (37)

to the master equation. In particular the above equation involves the perturbations
of the effective matter energy—momentum tenkgrsq, § P, andsz and the one

of the Wey! fluid energy—momentum tensiaie), §0s), andér(gy. The relation
between those degrees of freedom and the master variable is quite intricated, as we
will see more clearly below. However, one can indeed recover (Deffayet, 2002) all
the perturbed effective Einstein’s equations (37) from the master equation (11) and
the junction conditions for effective matter and Weyl fluid given above. This should
not be a surprise since Eq. (5) has been obtained using the bulk equations of motion,
and the latter are solved by the master variable obeying the master equation; but the
backward derivation of the perturbed effective Einstein’s equations (37) from the
master equation (11) and the junction conditions for effective matter and Weyl fluid
is quite tedious because of the derivative relation [exemplified by Egs. (13)—(16)]
between the master variable and the metric perturbations.

The outline of the derivation (see Deffayet, 2002, for more details) is to
built “constrainst” valid everywhere in the bulk on the gauge invariant variables
A, A,, A,y, andR (as well as on theiy- andt-derivatives) out of the master equati-
ons and the definitions (13)—(16). Those last five equations can indeed be used to
build overconstrained systemsdhand its derivatives. The obtained constratints
can be thought of as reconstruction of linearized 5D Einstein’s equations (or linear
combinations of the latter) in the bulk out of the master equation, in confirmation
of the work by Mukohyama (2000b). One then takes limiting values on the brane
of those constraints (i.e. valuesyn— 0), where one replaces the gauge invariant
variables by their expressions as functions of effective matter, Weyl fluid, and
induced metric that can be obtained through the junction conditions. Those yield
the sought-for components of equations (37). This means in particular that one does
not need to “solve” equations (37) but rather only the bulk equation of motion to
get the time evolution of perturbations on the brane. To do so, once suitable initial
data are provided in the bulk, one needs a boundary condition on the brane for the
master equation, the obtaining of which we now discuss.
80ne has$ Py = dp(e)/3.
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2.3. Boundary Condition on the Brane

A first way to proceed would be to start from Eq. (17), and then use the
junction conditions to get on the brane

A?Qqp) = {—18a4a (iy + ZCD) + 6a3AW — (25)a ,08,0} . (398)
(b)

A similar equation, as well as one fér', was obtained by Mukohyama (2001)
and used by him to get an integro-differential equation for the effective matter
and induced metric perturbation on the brane. This however is of no use to set a
boundary condition for the master equation on the brane since the right-hand side
of Eq. (38) is not known as a function of time. To obtain the boundary condition one
needs an extra information on the matter localized on the brane, e.g., in the simplest
case, the matter equation of state (Deffayet, 2002; Kodztralg 2000) as we now
explain. Using Egs. (11) and (13)-(16), as well as the junction conditions, one
can get the following relations between the induced metric perturbation, effective
matter perturbations, and the master variable (Deffayet, 2002):

1 2A A a. . KR
Dy = {(——ﬂ>9+659—39+?(3P+4,0)Q’

6a(b) 2
K
+ %a3(3P + 2,0)871} , (39)
(b)
1 A Ag a. Ko o, Kb 2
Uy =— 1= -2 )a+320+ Ypa 8 , 40
®) 63@{(&2 2 ) + a + 2 pRE 2 apom ®) (40)
1 AQ AQY
5p = p—+3 (3P+2p)sz+6 >
6a(b) (5)
a0
— 18 + 6aAén — 18aa(adrw) , (42)
K62 ®)
1 6 ., ,
3q = (3P + 2,o)§2 - — Q' —6a%(asn) , (42)
6"5‘( (5)
(b)
2A  Ag) . a :
sP=—1{(P ~ 42O (3P+Z(@p+6P) ) @
Ga(b){< +p)( et + 20+ 6p)
. 12 6
+p2 — (5)(P+,0)(3P+4,0)S2 + oo Q
k) k)

A Kt
8 [4§ +4AE) + %(QPZ +9Pp + 4p2)] 8 + 6(a38n)"} . (43)
®)
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Similar expressions can be obtained for the perturbations of the Weyl fluid pertur-
bations (Deffayet, 2002):

. a. A 3
1) = 130 -3-Q— —Q— k(P Qo 44
T(E) 6/{(24 )a(3b) { a 2 2K(5)( + p) }(b) (44)
A2Q
o) =3=5—=/( - 45
o { 3k (24)":15 }(b) )
1 a .
ey =1=—5—=|-AQ - AQ . 46
e { 32 (a ) }(b) o

One of the nice features of these equations is that one can verify inserting them
expressions in the linearized components of equations (5), that the latter are iden-
tically satisfied whatevef2. We wish here to stress that this means that the latter
components do not contain more information than the above equations. Equa-
tions (39)—(46) can also be used to compute all the perturbations on the brane
once?, and saysx, are known. Solving fol2 requires obtaining a boundary
condition on the brane for the master variable. Let us now discuss how to do so
in the simplest case of adiabatic perturbations of a perfect fluid. In this case, one
has

Sﬂ(M) =0. (47)

This enables to express all the induced metric and real matter perturbations as
functions ofQ2 and its derivatives through Eqgs. (39)—(43). If one then considers
adiabatic perturbations, which obey an equation of state of the form

8Py = CZ0), (48)
wherec? is the sound velocity defined by
)
L)
one gets from the replacement in Eq. (48ppds ands Py as functions of the

master variabl& a boundary condition fof2. The latter takes the form (Kodama
et al, 2000)

(49)

Frs(2)w) + Grs(Q) ) = 0, (50)

where Frs and Ggs are polynomials of the cosmic time-derivatigg with cos-
mic time-dependent coefficients that are known from Egs. (41), (43), and (49),

9For the sake of simplicity, we will only discuss in the following the case of the RS model for which
one hasspmy = 8p, Py = 8P, 89wy = 80, gy = éw. However, a similar discussion holds for
the DGP model (Deffayet, 2002).
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as well as from the background solution. A similar method can be used to ob-
tain the boundary condition when the brane contains only a scalar field (Def-
fayet, in preparation) (the latter also obeys the perfect fluid condition (47); how-
ever, Eqg. (48) is no longer valid). A boundary condition, of similar, albeit more
complicated form, can be obtained in the same way for the model of Dvali—
Gabadadze—Porrati, for perturbations of a perfect fluid with adiabatic (Deffayet,
2002) or scalar field perturbations (Deffayet, in preparation). The boundary con-
dition (50) has an unconventional form, since it involves derivativeS aind

Q' along the brane. However, one can see that it leads to a well-posed prob-
lem once initial data are sufficiently well specified (Deffayet, in preparation).
This has also be verified numerically in some simple cases (A. Lue, private
communication).

3. CONCLUSIONS

Equations (11) and (50) should be then all what is needed to solve for the
evolution of RS (respectively DGP) brane-world cosmological perturbations once
initial conditions are supplied in the bulk. The issue of specifying initial data in the
bulk, aside from the mathematical point of view which is discussed by Deffayet
(2002; in preparation), is on the physical side a difficult task and requires some
model for the primordial universe that can be applied to brane worlds. One sees
then that Egs. (11) and (50) play for the brane-world cosmological perturbations
an equivalent role to the one played by the evolution equation for the gravita-
tional potential (an ordinary differential equation fbr see, e.g., Bardeen, 1980;
Kodama and Sasaki, 1984; Mukharehal., 1992) for 4D adiabatic cosmological
perturbations of a perfect fluid. Oné&e is known in the vicinity of the brane,
one can compute all the induced metric, real matter, and Weyl fluid perturbations
from Egs. (39)—(46). We stress again here that one can verify that the real mat-
ter, induced metric, and Weyl fluid perturbations defined from those equations in
terms of the master variable verify together identically (i.e. whatever the function
Q) the perturbed effective Einstein’s equations (5) and conservation equations (8)
and (9).
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